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Abstract

Bilateral migration flow data, summarising the number of people migrating be-

tween each origin and destination, provide a clearer understanding of migration

patterns than summary measures such as net migration. However, bilateral mi-

gration flow data are commonly unavailable, not up to date or provide conflicting

accounts of population change when compared to changes implied in demographic

data. In this paper we introduce a conditional maximisation routine to update

bilateral migration data to match known net migration totals. The routine can be

applied in missing data situations to generate synthetic bilateral migration flows to

match known net migration totals where reported bilateral data are unavailable or

from surveys with limited coverage. We illustrate the application of the routine for

state-to-state migration flows in the USA, providing estimates that are demograph-

ically consistent with changes in reported population totals, births and deaths over

the period.

1 Introduction

Internal migration is the most significant process driving changes in the pattern of human

settlement across much of the world (Bell and Muhidin, 2009). Consequently, many

issues related to regional population change are related to the differential impacts of

migration. These increasingly prominent role of migration motivated the development of

multiregional demographic accounts by multiple scholars in order to adequately monitor

and project current and future population changes (Rees and Wilson, 1973; Rogers, 1967,

1973; Stone, 1971, 1975; Wilson and Rees, 1974).

A key component of multiregional demographic account is bilateral migration flows

data; counts of people moving or transitioning between a given set of origin and destina-

tion regions. In many countries, bilateral migration flow data are collected infrequently

or not at all due to the expense in creating or maintaining collection systems (Bell and

Charles-Edwards, 2013). Elsewhere bilateral migration data are typically derived from

1



administrative data sources or surveys. In countries that do not maintain a population

register, bilateral migration data is inevitably demographically inconsistent; the aggre-

gate net migration totals derived from a bilateral data does not match the net migration

totals implied by changes in population and vital statistics via the demographic account-

ing equation. This paper attempts to address this problem by developing a method to

adjust bilateral migration flows to domestic net migration totals.

Methods to estimate bilateral migration flows to match constraints on a migration

totals were first introduced by Wilson (1970, 1971). Wilson showed how a gravity models

can be generalised to a family of spatial interaction models to form the basis for adapting

entropy maximizing routines to find the most probable distributions of regional bilat-

eral flows in origin-destinations flow table, given the available information on marginal

totals to be used as constraints. Later Willekens (1983) and Flowerdew and Aitkin

(1982) showed that the same results from an entropy maximizing routine to estimate

bilateral migration flows to match constraints on the total in- and out-migration flows of

each region could be derived through use of Poisson log-linear models and the Iterative

Proportional Fitting Procedure (IPFP) (Deming and Stephan, 1940). Plane (1981) de-

veloped a proportional adjustment algorithm for estimating bilateral migration flows to

match constraints on the net migration of each region and the total sum of the bilateral

migration flows. The requirement for the total sum of the bilateral flow for the algorithm

is particularly demanding. In many countries the overall number of migrant flows, that is

demographically consistent with natural population change, is typically not known. If the

overall number of migrant flows is known, it is typically obtained from a comprehensive

population register, and thus demographically consistent bilateral migration or total in-

and out-migration flows already exist.

In this paper we develop a conditional maximisation routine to adjust bilateral mi-

gration flows to match known net migration totals without a constraint on the overall

number of migrant flows. The resulting estimates allow are demographically consistent

with natural population change allowing for a coherent multiregional demographic ac-

count to better understand migration dynamics and their role on population change.

The routine can be used to adjust bilateral migration flow data from data sources that

are not designed specifically to capture migrant events or transitions and thus improve

their plausibility - as we demonstrate in the paper using bilateral flow data from the

American Community Survey. We also demonstrate how the routine can be applied to

generate demographically consistent estimates of bilateral migration flows, when only

net migration flow totals are known, using an alternative auxiliary data set based on

distances between regions. Both of these applications were not previously possible us-

ing existing algorithms to estimate bilateral migration flows constrained to known net

migration totals.

In the following section we provide further background on the use of a range of Pois-

son regression models to estimation of bilateral migration flows based on a variety of
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constraints. We then develop our routine to estimate bilateral migration flows to match

known net migration totals based on an alternative Poisson regression model. In the

next section we present the results of two applications of the routine to estimate demo-

graphically continent state-to-state bilateral migration flows in the United States. These

applications are compared to a variety of alternative hypothetical data situations, with

different known migration totals as constraints, in order to provide a gauge of the accuracy

of our routine.

2 Background

The estimation of bilateral migration flows to match known constraints can be under-

taken using a number of different optimisation procedures. In this section we concentrate

on providing an overview of constrained maximisation routines derived by maximizing

the likelihood function of an appropriate Poisson regression model for two reasons. First,

it is relatively easy to modify the constrained maximisation routine to the likelihood of

a Poisson regression specific to the data situation of concern in this paper; estimating

bilateral migration flows to match known net migration totals. Second, estimation rou-

tines based on a Poisson likelihood have been shown to provide equivalent estimates of

bilateral migration flows as the IPFP (Raymer, Abel, and Smith, 2007; Willekens, 1983,

1999).

The IPFP, first introduced by Deming and Stephan (1940), adjusts cell values in a

contingency table to match known marginal constraints. The mathematical properties

of IPFP have been explored extensively, see for example Bishop, Holland, and Fienberg

(1975) or Fienberg (1970). Lomax et al. (2014), Lovelace et al. (2015), and Willekens

(1999) all note the wide application of IPFP and a its numerous synonyms across academic

disciplines including Entropy maximisation or matrix raking population in engineering

and geography, iterative proportional fitting or iterative proportional scaling in mathe-

matics, the RAS algorithm in economics, Cross–Fratar or Furness in transportation stud-

ies, raking in computer science and statistics, bi-proportional estimation, rim-weighting

or structure-preserving estimation in social sciences.

The application of the IPFP or its equivalents for the estimation of bilateral migration

flows constrained to match known totals has been widespread. In internal migration

studies the IPFP and equivalent methods have been used to estimate both constrained

origin-destination flows to match in- and out-migration totals (Chilton and Poet, 1973;

Nair, 1985) as well as more detailed constrained bilateral migration flows to match more

totals on additional dimensions such as age and sex, see for example; Imhoff et al. (1997),

Lomax et al. (2013), Raymer, Bonaguidi, and Valentini (2006), Raymer and Rogers

(2007), Rees (1994), Rogers, Raymer, and Little (2010), Rogers, Willekens, and Raymer

(2003), Simpson and Tranmer (2005), Smith, Raymer, and Giulietti (2010), and Willekens

(1982). The IPFP and equivalents methods have been used to harmonise international
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origin-destination migration flows (Beer et al., 2010; Raymer, 2007; Raymer, Guan, and

Ha, 2019) as well as impute bilateral flows to match changes in global migrant stock data

(Abel, 2013, 2018; Abel and Sander, 2014).

The development of methods (and their application) for the estimation of bilateral

migration flows to match net migration totals is scarcer than methods and estimates of

bilateral migration flows to match in- and out-migration flow totals. Tobler (1981) intro-

duced two models to estimate bilateral net origin-destination migration flows to match

net migration totals - rather than a set of gross origin-destination migration flow esti-

mates. Plane (1981) developed a optimisation procedure to constrain bilateral migration

flows to a set of net migration total and a grand total of all migration flows. The later

constraint and is dependent on an exogenous data source to provide a value as it cannot

be obtained from summing net migration values for each region. The constraint on the

overall migration total is problematic for two reasons. First, in many data situations,

where estimates of bilateral migration flows are required, an exogenous data source on

the macro level of migration is likely to exist from the summation for regional total in-

and out-migration flows. This negates the need for an optimisation procedure based on

a net migration constraint in favour of estimation methods based on constrained in- and

out-migration flow totals discussed above. Second, in cases where the total migration

level is unknown Plane (1982) suggests it can be estimated based on a lag model. How-

ever, as time series of migration flow totals are often short there is likely to be high level

on uncertainty for the forecasted total migration flow to be used as a constraint for the

bilateral migration flow estimates.

In the remainder of this section, we first provide an overview of contingency table

terminology commonly used to describe bilateral migration flows. This is followed by an

outline of constrained maximisation routine to estimate bilateral migration flows to match

known marginal constraints for the total in- and out-migration totals, as previously used

in many of the examples referred to above. This statistical description provides a basis

for our proposed method presented in the section after.

2.1 Contingency tables

Bilateral migration flow data are commonly represented in square tables. Values in non-

diagonal cells represent an origin-destination count of migration flows between a specified

set of R regions or areas. Values in diagonal cells represent some form of non-moving

population, or those that move within a region, which are typically not presented in

bilateral migration flow tables. In Table 1 we show two contingency tables filled with

hypothetical migration flow data. In the first contingency table, the auxiliary data is

known for all origin-destination migration flows. Willekens (1999) notes in the context

of migration estimation problems auxiliary migration flow data might not always be

available, in which case information on variables to which migration is considered to be
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A. Auxiliary Data B. Primary Data: Marginal Totals

Origin Destination Origin Destination

A B C D Sum A B C D Sum

A 100 30 70 200 A 250

B 50 45 5 100 B 75

C 60 35 40 135 C 125

D 20 25 20 65 D 150

Sum 130 160 95 115 500 Sum 150 200 50 200 600

Table 1: Hypothetical migration data.

related might be used, typically past migration flow data or a table of distances or travel

costs between the origin-destination pairs. In the second contingency table the marginal

totals are known but the desired bilateral flows are missing. Willekens (1999) terms these

partial observations primary data, as they are the known constraints that do not require

modification.

2.2 Estimating missing bilateral migration flows with known in-

and out-migration totals

A statistical approach to estimating unknown values in a contingency table, constrained to

match the known marginal totals in the primary data, can be derived using the likelihood

of a Poisson regression model. The form of the Poisson regression model should be based

on the availability of the marginal totals in the primary data, where only terms for the

categorical variables related to the available marginal totals should be used. Hence, for

the data availability situation in Table 1 the model to estimate missing values in the

primary data that match the marginal totals would have categorical parameters for the

origins (rows) and destinations (columns):

yij = αiβjmij

where yij is the expected number of migrants in transition from origin i to destination

j and i, j = 1, 2, . . . , R for R origins and destinations. The αi and βj parameters relate

to the total outflow and inflow from each origin and destination respectively. The mij

factor represents the auxiliary data. The strict specification of the regression is taken as

other parameters would be unidentifiable as their sufficient statistics required for their

estimation are not available. As we will show in the remainder of this subsection, the

αi and βj parameters are identifiable because the sufficient statistics required for their
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A. Estimates with known margins B. Estimates with known net migration

Origin Destination Origin Destination

A B C D Sum A B C D Sum

A 102.9 11.7 135.5 250 A 125.0 28.0 71.1 224.1

B 49.0 16.7 9.2 75 B 40.0 33.6 4.1 77.6

C 44.0 25.7 55.3 125 C 64.4 46.9 43.6 154.9

D 57.0 71.4 21.6 150 D 19.7 30.7 18.3 68.8

Sum 150 200 50 200 600 Sum 124.1 202.6 79.9 118.8 525.4

Table 2: Estimates from conditional maximisation routines.

estimation are the known marginal totals in the primary data. This multiplicative model

above can be re-expressed in terms of an additive Poisson log-linear model1:

log yij = logαi + log βj + logmij, (1)

where unlike a standard Poisson log-linear models no intercept is included and the final

term is commonly referred to as an offset. As shown in the Appendix, the maximum

likelihood estimates for the αi and βj parameters can be derived using an iterative solution

to the partial differentials for the Poisson distribution function for yij:

α̂
(t)
i =

ni+∑
j

β̂
(t−1)
j mij

and β̂
(t)
j =

n+j∑
i

α̂
(t)
i mij

.

where n+j and ni+ are the primary data total inflows and total outflows respectively

and t denotes the iteration step. Initial values for β̂
(0)
j can be set to and arbitrary value

such as unity in order to commence the routine for the estimation of α̂
(1)
i . The routine

is conditional maximization that converges to give maximum likelihood estimates of αi

and βj when all the differences between the iterative estimates of α̂
(t)
i and β̂

(t)
j become

smaller than a specified tolerance level. The converged estimates of α̂i and β̂j can be

used in model (1) to provide maximum likelihood estimates of yij, the expected number

of migrant transitions. These values are shown in Panel A of Table 2 were obtained using

the *removed for anonymous review* function in *removed for anonymous review* R

package. Equivalent solutions for yij can be found using an IPFP.

1The term log-linear model is typically used to describe Poisson regression models for contingency

tables; where all the explanatory variables in the Poisson regression model are all categorical variables

related to the dimensions of the contingency table
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3 Method

A general method for the estimation of missing bilateral migration flows that match

known net migration totals is derived in this section. In Table 1 the net migration totals

in the primary data are implied can be derived by differencing the in-migration (column)

and out-migration (row) totals for each region; -100 for A, 125 for B, -75 for C and 50

for D. In some data settings net migration totals might be the only primary data that

exist, especially in countries where migration flow data are based on surveys or migration

flow statistics are not collected but vital registration data on population totals, births

and deaths are available. In such data settings (where only the net migration totals are

known), the model to estimate missing values in the primary data that match the net

migration has one parameter per region:

yij = αiα
−1
j mij (2)

This can be expressed as a Poisson log-linear model:

log yij = logαi − logαj + logmij

for which the maximum likelihood estimates of α can be derived by considering the prob-

ability of observing nij migrant transitions during a unit interval, given by the Poisson

distribution function:

P (Nij = nij) =
y
nij

ij

nij!
exp(−yij).

The likelihood function for Y = {yij, i, j,= 1, . . . , R} given n = {nij, i, j,= 1, . . . , R}
migrations, provided that migrations are independent, is

L(Y; n) = P (N11 = n11, N12 = n12, . . . , NRR = nRR) =
∏
ij

y
nij

ij

nij!
exp(−yij) (3)

Inserting model (2) into the likelihood function and taking the logarithmic transformation

gives the log-likelihood function:

l(α; n) =
∑
ij

{
nij log(αiα

−1
j mij)− αiα

−1
j mij − log(nij!)

}
=
∑
i

ni+ log(αi)−
∑
j

n+j log(αj)−
∑
ij

αiα
−1
j mij + c,

(4)

where α = {αh, h = 1, . . . , R}, ni+ =
∑
j

nij and n+j =
∑
i

nij are the marginal totals,

and

c =
∑
ij

nij log(mij)−
∑
ij

log(nij!).
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In order to obtain the estimates of α that maximise this likelihood, we can expand the

summations in (4)

l(α; n) =n1+ log(α1) + n2+ log(α2) + . . .+ nR+ log(αR)−
n+1 log(α1)− n+2 log(α2)− . . .− n+R log(αR)+

( α1α
−1
1 m11 + α1α

−1
2 m12 + . . . + α1α

−1
R m1R +

α2α
−1
1 m21 + α2α

−1
2 m22 + . . . + α2α

−1
R m2R +

... +
... +

. . . +
... +

https : //www.overleaf.com/project/6030c6ea9235356e364e145b αRα
−1
1 mR1 + αRα

−1
2 mR2 + . . . + αRα

−1
R mRR ) +

c.

(5)

We may then obtain the likelihood equations by differentiating with respect to a given

αh:
∂l

∂αh

=nh+α
−1
h − n+hα

−1
h +

α−11 mh1 + α−12 mh2 + . . .+ α−1R mhR+

α1α
−2
h m1h + α2α

−2
h m2h + . . .+ αRα

−2
h mRh,

(6)

where terms based on the differential for αhα
−1
h mhh in (5) are dropped. Setting the

likelihood equation to zero, multiplying through by α2
h, and rearranging;

α−1h (nh+ − n+h) +
∑
g 6=h

α−1g mhg + α−2h

∑
g 6=h

αgmgh = 0

α2
h

∑
g 6=h

α−1g mhg − αh(n+h − nh+)−
∑
g 6=h

αgmgh = 0,
(7)

allows us to obtain maximum likelihood estimators of αh using the quadratic formula2:

α̂h =

(n+h − nh+)±
√
−(n+h − nh+)2 + 4

∑
g 6=h

α−1g mhg

∑
g 6=h

αgmgh

2
∑
g 6=h

α−1g mhg

, (8)

where αh must be the positive root to ensure non-negative migration flow estimates.

Note, the sufficient statistics (nh+, n+h) are unknown in our primary data. However, the

difference between these two, n+h − nh+, is the known net migration total for region h

and thus the corresponding parameter can be estimated. Since equation (8) is not a

closed form expression, a direct estimate of αh cannot be obtained. Instead, an iterative

solution can be used where all initial estimates of α̂
(0)
h are set to an arbitrary starting

value such as unity. These are then used to update

α̂h
(t+1) =

(n+h − nh+)±
√
−(n+h − nh+)2 + 4

∑
g 6=h

α−1g
(t)mhg

∑
g 6=h

α
(t)
g mgh

2
∑
g 6=h

α−1g
(t)mhg

. (9)

2Given a general quadratic equation of the form ax2 + bx + c = 0, the quadratic formula is: x =
−b±

√
b2−4ac
2a . In the case above x = αh, a =

∑
g 6=h

α−1g mhg, b = −(n+h − nh+) and c = −
∑
g 6=h

αgmgh
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Estimates of αh
(t) based upon αh

(t+1) can be repeated for t iterations until convergence

where

αt
h − αt−1

h < δ

and δ is a tolerance value such as 10−5. This procedure is a conditional maximization

of the likelihood function and converges to give estimates of αh. Maximum likelihood

estimates of yij can be obtained using model (2). These values are shown in Panel B of

Table 2. The iterative procedure to estimate α̂h and yij were obtained using the *removed

for anonymous review* function in the *removed for anonymous review* package in R.

4 Demographically consistent estimates of bilateral

migration flows for the United States

In the United States, annual state-to-state origin-destination flow data are available from

a range of data sources, such as the American Community Survey (ACS), Current Popu-

lation Survey or Inland Revenue Service. Each suffer from various sources of biases and

inconsistencies (Kaplan and Schulhofer-Wohl, 2012; Molloy, Smith, and Wozniak, 2011).

In this section we will use the ACS data as an offset in our Poisson log-linear model to

combine it with primary data on the annual domestic state net migration totals published

by the US Census Bureau.

The ACS is a US national survey that uses continuous measurement methods. In

the survey a series of monthly samples produce annual estimates for respondents aged

1 year and over whether they lived in the same residence 1 year ago. For people who

lived in a different residence, the location of their previous residence is collected. This

allows the creation of state-to-state migration flows from tabulations of the current state

of residence by state of residence one year ago.

The US Census Bureau produces an annual series of population estimates in each

state using a cohort component projection method with base data from the latest census.

Population estimates are obtained from the demographic balancing equation and include

components of population change including net domestic migration. The net domestic

migration estimates are based on four data sources, 1) the IRS tax return data for ages 0

to 64 2) Medicare enrolment data for ages 65 and over, 4) Social Security Administration’s

numerical identification file for all ages and 4) change in the group quarters population.

In Figure 1 the domestic state net migration calculated from the ACS and domestic

net migration reported US Census Bureau during 2019 are compared on the log-modulus

scale. The diagonal line represents perfect alignment in net migration totals for all states.

Most points in the plot are relatively close to this line. For four states (Arkansas, Maine,

Minnesota and South Dakota) the Census Bureau reports a positive net migration total,

whilst the ACS shows a negative net migration total. For nine states (Kansas, Mississippi,

Missouri, North Dakota, Ohio, Pennsylvania, Rhode Island, Wisconsin and Wyoming)
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as well as Washington D.C. the US Census Bureau reports a negative net migration

total, whilst the ACS records a positive net migration total. In each of these cases the

discrepancies involved differences in net migration totals of less than 10,000. Similar size

discrepancies can be found in different years, see Figure 4 in the Appendix.

We apply the method developed in the previous section to estimate origin-destination

migrant flows that combine the US Census Bureau reported domestic net migration3

and the ACS state-to-state migration flow data4 as an offset (mij) in our Poisson log-

linear model. The resulting flows are shown in the directional chord diagram of Figure

2, produced using the circlize R package (Gu et al., 2014).

The differences between ACS data and the estimated origin-destination flows and

shown in Figure 3. There is a close agreement between the estimated values and those

from the ACS as there were relatively minor differences in the net migration totals,

especially in the states with larger net migration. However, the estimated bilateral flows

are demographically consistent with other US Census Bureau data on population and vital

events, and hence fall perfectly on a x = y line – if the estimates were to be plotted in

place of the ACS Domestic net migration in Figure 1 (not shown). The total migration in

the ACS state-to-state flows was 7,398,337. The total of the estimated bilateral migration

flows was 7,399,422 – an increase in the ACS flows of 1,085 when combined with the US

Census Bureau domestic net migration totals.

5 Sensitivity Analysis

In order to test the accuracy of the method for estimating the net migration constrained

bilateral migration flows we attempted to replicate the 13 annual ACS origin-destination

migration flows between 2006 and 2019. The replication of these ACS data was under-

taken twice, using two different sets for auxiliary data; 1) the ACS origin-destination

migration flows from the previous year (2005 to 2018) and 2) a distance matrix. Both

sets of auxiliary data were constrained to match the net migration from the ACS be-

tween 2006 and 2019, rather than the US Census Bureau from the previous section. To

benchmark the net migration constrained estimates, we compared the accuracy of our

replication against four other sets of constrained; total migration, in migration totals, out

migration and in- and out-migration totals, where these totals were also taken from the

primary data (the ACS migration flows between 2006 and 2019). An estimate of bilateral

migration flows to match a total migration constraint was obtained by scaling all the

auxiliary data to match the known overall migration total (n++) from the primary data;

yij = µimij (10)

3Downloaded in February 2021 from https://www.census.gov/data/tables/time-series/demo/

popest/2010s-national-total.html
4Downloaded in February 2021 from https://www.census.gov/data/tables/time-series/demo/

geographic-mobility/state-to-state-migration.html
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Figure 1: Scatter plot of domestic state net migration measured by the US Census Bureau

and ACS during 2019. Axis based on log-modulus transformation.
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Figure 2: Chord diagram of estimated state-to-state migration during 2019 with net

migration totals matching those reported by the US Census Bureau. Axes based on units

of 100,000 persons migrating.
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Figure 3: Comparison of estimated migration flows and ACS migration flows in 2019.
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Past Migration Distance

Constraint MAE MAPE MAE MAPE

Overall total 773 1.083 2, 872 6.853

Net migration totals 753 1.069 2, 643 0.978

Out migration totals 750 1.072 2, 161 4.014

In migration totals 753 1.071 2, 159 3.713

In- and out- migration totals 729 1.058 1, 070 1.447

Table 3: Accuracy in predicting annual US state-to-state migration flows 2006-2019 using

different auxiliary data

where mij is the matrix of either migration flows in the previous year or distances and

µi can be directly estimated as µi =
mij∑
ij mij

n++ An estimate of bilateral migration flows

to match in migration totals was obtained by scaling all the auxiliary data to match the

known in-migration totals (ni+) from the primary data;

yij = αimij, (11)

where αi are row wise scaling factors estimated directly as αi = ni+

mi+
. Estimates of

bilateral migration flow to match out-migration totals was obtained in a similar fashion;

yij = βjmij, (12)

where βj are column wise scaling factors estimated directly as βj =
n+j

m+j
. Estimates

of bilateral migration flows to match both the in- and out-migration totals were esti-

mated from 1 using the conditional maximisation routine outlined previously. Accuracy

measures to replicate 13 years of ACS annual migration flows based on the different con-

strained estimates are shown in Table 3. Note, ACS bilateral migration flow data sets

prior to 2005 are not available and the distance measure used for one set of estimates is

based on the inverse of the distances between 2010 population weighted centroids of each

state published by the US Census Bureau5. In order to provide migration estimates on a

similar scale to the known migration totals we scaled the inverse of the distance matrix

(dij) to sum to one:

d∗ij =
1/dij∑
ij 1/dij

(13)

when setting mij = d∗ij in the constrained estimators outlined in the equations above.

The mean absolute error (MAE) columns in Table 3 represent the average absolute

difference between the ACS bilateral migration flows and predicted bilateral migration

flows over all 13 years. When the previous bilateral migration flows are used as the

5Downloaded in February 2021 from https://www.census.gov/geographies/reference-files/

time-series/geo/centers-population.html
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auxiliary data the estimates constrained to the current in- and out-migration totals are

the most accurate (lowest MAE) and the estimates constrained to the current overall total

are the least accurate (highest MAE). These results are unsurprising as the estimates

constrained to the in- and out-migration totals are based on more information (two

sufficient statistics for each state) compared to only a single sufficient statistic (one grand

state-to-state migration flow total) for the estimates constrained to the overall total. The

estimates constrained to the current net migration have approximately the same accuracy

as both of the estimates constrained to the current out-migration totals or the current in

migration totals – where set of estimates use same number of sufficient statistics (one per

state). When the inverse distance matrix is used as the auxiliary data the net migration

constrained estimates have a substantially higher MAE than the estimates constrained

to either the in-migration totals or the estimates constrained to the out-migration totals.

This is because the inverse distance matrix is measured on a different scale to past and

current bilateral migration flows. Whilst the in- and out-migration totals provide a sense

of scale to adjust the distance matrix to their relative totals, the net migration totals

fail to provide a scale of the overall gross migration totals. Consequently, many of the

estimated flows are close to zero (26,908 out of 36,414 are less than one) as the constrained

maximisation routine only inflates the scaled inverse distances to the minimum migration

flows required to match the target nets. The mean absolute percentage error (MAPE)

columns in Table 3 represent the average absolute percent difference between the ACS

bilateral migration flows and the predicted migration flows over all 13 years. As with the

MAE, the most accurate estimates based on the MAPE are those constrained to both the

current in- and out-migration totals when the previous bilateral migration flow totals are

used as auxiliary data. The least accurate (with the highest) MAPE are the estimates

constrained to the match only the current overall total. The estimates constrained to

the current net migration totals are slightly better than those constrained to the current

in-migration or current out-migration totals. The improvement in MAPE of the net

migration constrained estimates over either the in-migration or out-migration constrained

estimates is much greater when the scaled inverse distance matrix is used as the auxiliary

data. The MAPE superiority of the net migration constrained estimates is most likely

explained by the removal of 2,637 zeros in the observed ACS bilateral migration flows

(out of 36,414) for the calculation of the MAPE, where MAPE becomes unstable with

observed values of zero.

6 Summarising remarks and discussions

The estimation of migration flows is a complex process. The dynamic nature of migration

processes and limited data availability make it difficult to quantify patterns and trends. In

this paper, we have focused on data situations where missing bilateral migration flows are

estimated to match known net migration totals. To obtain these estimates, we developed
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a routine based on the partial differential equations of a log likelihood of a Poisson log-

linear model with offset. This method builds upon previous innovations in using Poisson

log-linear models with offsets to estimate bilateral migration flows to match known in-

and out-migration totals.

In many developed countries bilateral migrant data is not always available or reliable.

In developed countries without household registrations, surveys are widely used to pro-

vide information on recent migrant patterns. However, as migration is a relatively rare

event, the sample sizes of surveys are typically not large enough to provide adequate in-

formation on detailed statistics such as the level of migrant moves between regions. The

method presented in this paper provides a synthetic solution to this problem, to augment

survey information with the relatively more reliable net migration totals derived from

demographic accounting procedures based on vital registration statistics.

In developing countries bilateral migrant data is even scarcer (Bell and Charles-

Edwards, 2013). Large scale surveys or other sources of migrant data are less common

and Census do not always ask questions or publish data on migration events, and hence

provides a very sparse picture of contemporary or historical migration patterns. In such

situations the method presented in this paper can also provide synthetic estimates of

bilateral migrant patterns based on net migration totals derived from lifetime migrant

statistics and auxiliary information on the distances between regions. The data situation

that was the focus of this paper, of known net migration totals, is a reduced form of

previous applications in using Poison log-linear models with offsets to estimate bilateral

migration to match know marginal totals. Unlike in- and out- migration totals, a set

of net migration totals does not contain any information on the total gross migration

between all regions. In our application, where the auxiliary data used as an offset of a

Poisson log-linear model is bilateral migrant data, the lack of total gross migration was

not a major problem. However, when other auxiliary data is used as the offset, such as

distance data or migration flows based on longer intervals, adjustments might be required

to ensure a more realistic level of estimated migrant flows to match the net migration

totals. In our sensitivity analysis we used the standardised matrix of inverse distances, so

that the matrix elements sum to one. This results in a many estimated bilateral near-zero

migration flows as only the minimum number of migration flows are estimated to match

the known net migration totals. The resulting estimates from this approach might not be

problematic when used as transition counts in a multiregional projection model, where

flows in opposing directions might cancel each other out. However, the large number

of estimated near-zero flows could be an issue in other settings, for example using the

estimated bilateral migration flows to explore the determinants of migration. In such

cases, there might exist different specifications of an auxiliary measure that will result in

a total level of estimated bilateral migration flows on a more realistic scale.

The estimation of net migration totals is subject to a degree of uncertainty. In almost

all cases demographers use residual methods, see Bogue, Hinze, and White (1982) or
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United Nations Department of Economic and Social Affairs/Population Division (1983)

for a detailed overview. Residual methods are based on the changes in population totals

at two time points and the corresponding natural change in the population. Estimates of

population totals, birth and deaths might be subject undercount at differing rates. The

net migration totals will accumulate these errors (as well as other possible errors) when

calculated using a residual method. The level of error in any set of net migration totals

used in the application of the method outlined in this paper must be balanced against

both the uncertainty of the auxiliary data and the desire for a consistent set of bilateral

migration flows required of a consistent multiregional demographic account. However,

direct comparisons of uncertainty levels between the net migration totals and auxiliary

data unlikely to be feasible. For example, the ACS bilateral migration flows that we used

as auxiliary data in this paper reports a margin of error of plus or minus 64,485, related

to a 90% confidence interval on the total bilateral migration flow total of 7,398,337. No

margin or errors are provided for the net migration totals in the ACS or the US Census

Bureau.

In multi-regional demographic accounts, such as those outlined by Rees (1980), infor-

mation on the stock and flows of individuals are organised in matrix form to allow the

state (stock) of an individual or group to be connected with changes in states (flows).

The method in this paper can potentially be used as a tool to help develop synthetic

migrant flow data as part of a demographic accounting system, where existing matrices

of bilateral migrant flows may not be consistent with changes in population estimates and

vital statistics on births and deaths. In addition, estimated flows that match known net

migration flow tables can potentially serve as better inputs to multi-regional projection

models as 1) multi-regional projection models are themselves demographic consistent and

2) bi-regional or multi-regional projection models tend to be more accurate than projec-

tion models that rely up net migration totals (see for example Rogers (1990)). Beyond

demographic applications, estimates of bilateral migration data such as those produced

from the method developed in this paper might be of use to other social scientists such

as economists or sociologist to investigate drivers of migration and their networks, or

epidemiologists studying the role of human movements in the transmission of infectious

diseases.

Two further lines of research related to the method presented in this paper could

potentially be explored in the future. First, estimation methods for international bilateral

migrant flows based on demographic accounting result in flows with net migration totals

that match those of the United Nations. This is obtained using an ad-hoc scaling system

to ensure populations by birthplace at the start and end of a period are equal, having

controlled for changes due to births and deaths over the period (see Abel and Cohen (2019)

for a more detailed overview). A potentially alternative method to estimate international

migration flows might involve dropping this ad-hoc scaling step, in favour of applying

the method developed in this paper to scale estimates so that they match known net
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international migration totals from the United Nations. Second, in data-poor situations,

where no bilateral migration data for an offset in the Poisson log-linear model exist

a range of other bilateral measures, other than distance, could be tested. These might

include mobility or migrant stock measures from mobile phone or digital trace data. Such

data sources are often only available from given providers or social media networks and

can hence suffer from severe coverage issues. The method in this paper could combine

bilateral data from these data sources with net migration totals, derived for example from

population estimates and vital registration data, to provide more realistic population

migrant flow estimates.

In conclusion, estimates of bilateral migration are needed by researchers, policy makers

and planners working on identifying and monitoring migrant flows. The results can be

used to help understand migration patterns, their drivers and feed into models to forecast

local services created by changing populations, where migration can take a prominent

role. The relatively simple yet powerful method in this paper can overcome limited data

availability or quality to provide demographically consistent bilateral migrant flow data.
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A Appendix

A.1 Derivation of method for estimating missing bilateral mi-

gration flows to match known in- and out-migration totals

As introduced in the main text, in the data situation represented in Table 1,the Poisson

log-linear model of 1 can be used to estimate missing values in the primary data that

match the marginal totals by deriving the maximum likelihood estimates for the αi and

βj parameters. The derivation of the parameters can be undertaken by considering the

probability of observing nij migrant transitions during a unit interval, given by the Pois-

son distribution function shown in 3. Inserting the log-linear model of (1) into the Poisson

distribution function and taking the logarithmic transformation gives the log-likelihood

function:

l(θ; n) =
∑
ij

{nij log(αiβjmij)− αiβjmij − log(nij!)}

=
∑
i

ni+ log(αi) +
∑
j

n+j log(βj)−
∑
ij

αiβjmij + c

(14)

where θ = {αi, βj, i, j = 1, . . . , R}, ni+ =
∑
j

nij and n+j =
∑
i

nij are the marginal totals,

and

c =
∑
ij

nij log(mij)−
∑
ij

log(nij!). (15)

The maximum likelihood estimates of αi and βj are obtained by maximising this log-

likelihood function. The extra term c, which does not involve the parameters, may be

ignored. Thus, conveniently only the marginal totals ni+ and n+j are required. Differ-

entiation of the likelihood function with respect to each parameter gives the likelihood

equations:
∂l

∂αi

=
ni+

αi

−
∑
j

βjmij = 0,

∂l

∂βj
=
n+j

βj
−
∑
i

αimij = 0.

(16)

The maximum likelihood estimators for αi and βj can then be written as

α̂i =
ni+∑

j

β̂jmij

and β̂j =
n+j∑

i

α̂imij

. (17)

Direct estimates of αi and βj cannot be obtained, since there are no closed-form expres-

sions for the solution of equation above. However, as described in Willekens (1999), an

iterative procedure can be used where all initial estimates of β̂
(0)
j are set to an arbitrary

starting values such as unity These are then used to update

α̂
(t)
i =

ni+∑
j

β̂
(t−1)
j mij

and β̂
(t)
j =

n+j∑
i

α̂
(t)
i mij

.
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This process repeats for t iterations until convergence where

αt
i − αt−1

i < δ and βt
j − βt−1

j < δ

and δ is a tolerance value such as 10−5. The maximum likelihood estimates of yij, the

expected number of migrant transitions, are deduced from the converged estimates of α̂i

and β̂j using the spatial interaction model of (1). As noted in Raymer, Abel, and Smith

(2007), this is also a conditional maximisation, also known as a stepwise ascent.
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A.2 US Census Bureau and ACS Net Migration Comparisons
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Figure 4: Scatter plot of domestic state net migration measured by the US Census Bureau

and ACS. Axis based on log-modulus transformation.
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