Capturing the mode

Paola Vazquez-Castillo', Marie-Pier Bergeron-Boucher!, and James W. Vaupel!

! Danish Center on Population Research, Interdisciplinary Center on Population Dynamics,

University of Southern Denmark.

Abstract
In the age of longevity increase, it is essential to have adequate measures to estimate the modal
age at death. The mode is an essential indicator of longevity, mortality improvement at old ages,
and for analyzing the shifting of mortality. Estimating the mode can, however, be difficult. The
current methods for estimating the modal age at death are explored in this paper, as well as a new
proposal for an estimation method for the mode. The new method is based on the mode property
of being a maximum for the distribution of deaths and being the point of intersection between the
force of mortality and the rate of aging curves. We showed that current methods for calculating

the mode are not consistent over time and across them.

1 Introduction

It is well known that mortality conditions have improved; every day more people are living longer.
In this longevity context, measures are needed to compare the extent of the improvements and the
length of life and use them as inputs for forecasting mortality patterns. Life expectancy is
commonly used as a summary measure of mortality conditions in a given population. However,
this measure is insufficient in a longevity context for three reasons. First, it cannot distinguish the
stages of mortality change (Kannisto, 2001), and effects like shifting and compression get lost in
this indicator. Second, life expectancy is a summary measure that is heavily determined by extreme
observations. Even if most of the deaths occur within certain ages, the average might not be in that
range if there are extreme observations (Canudas-Romo, 2008). Thirdly, life expectancy is strongly
affected by variations in infant and young mortality (Horiuchi, Ouellette, Lan, & Cheung, 2013),
which under current mortality regimes are controlled and do not reflect on the population's

longevity. Therefore, other measures should be used as an alternative for studying current mortality



regimes, and especially longevity. This paper focuses on the modal age at death as an alternative
to analyze the age-at-death distribution.

The age-at-death distribution has the property of being a highly variating type of function
with bumps; therefore, estimating a single point, like the mode, is not straightforward, especially
when not smoothed, even with good data available. Hence, some methods have been developed to
estimate the modal age-at-death. One of the most frequently used is to assume a parametric
distribution of deaths, for example, the Gompertz distribution, and then estimate the mode from
the parameters of the distribution (Canudas-Romo, 2008). Another way of calculating the mode is
through p-splines (Ouellette & Bourbeau, 2011). A third way to calculate the modal age-at-death
has been developed by Kannisto (Kannisto, 2001). He proposes to estimate the mode from the life
table dx distribution, search the most frequent single age and add a fraction determined by
proportions of d, and d,,4 to ensure sufficient precision for the mode.

Although these three methods for calculating the most frequent age-at-death in a population
are widely used, they all have strong assumptions. In the case of using a parametric distribution,
the underlying assumption is that there is a constant reduction in death rates over time, although
different from age to age (Canudas-Romo, 2008). Mathematical splines is a method that does not
operate well on the extremes of the distributions (Horiuchi et al., 2013), it is computationally
demandant, and the parameters adjusted do not have any interpretation, which makes them very
unlikely to fulfill the formal properties of the mode. The Kannisto method relies mainly on an
identified single age, which usually is not clear to find in observed data.

In this paper, we propose a new method for calculating the modal age-at-death, based on
the maximum likelihood of the set that includes all the possible modal ages at death. The results
of this application will provide insights on longevity and maintain the demographic properties of

the mode.

2 Data

Since this research mainly focuses on the modal age-at-death, reliable resources for mortality,
especially for aged populations, are needed. One of the most reliable and used data sources in
demography is the Human Mortality Data Base (HMD, Human Mortality Database, 2021). The

HMD contains homogenized and raw data on deaths and births for various populations (estimated



from census and official population estimates). This analysis will use mainly the death counts and

population exposures by single age obtained from the HMD.

3 Methods
In a general setting (no assumption about the distribution of deaths):
LD = u(M) (Canudas-Romo, 2008) (1)

Where u(x) is the force of mortality at age x and M is the modal age at death.
It is also defined that:

d lnu(x) =p (x)

Where p(x) is the rate of aging.
Therefore, the mode is the intersection point between the rate of aging and the force of mortality.
Both distributions have variation and might intersect in more than one point, more like a surface.
This surface will contain all the possible values of M. The proposed method is to estimate a

probability distribution for this set of M’s and with the maximum likelihood method to find M*,
on the condition that this M* will be the point that satisfies that M = u(M %) and ———= d “(M ) =

0. This proposed method will be compared with current used methods (Gompertz, Kannisto, and

p-splines).

4 Preliminary results

Figure I shows the estimated modal ages at death for females of Canada, Denmark, and the USA.
This graph shows that under the different current estimation methods, there is no homogeneity in
the estimation of this indicator. Moreover, the different methods show a dissimilar pattern of
change for the estimated modal ages at death. For example, the second panel shows that Denmark
females have had an increasing modal age at death under the p-splines model; however, under the
Gompertz mortality assumption, there was stagnation and even decrease during the period 1970-

2000. This is an example of the importance of the method relied on the estimation of this indicator.
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Figure 2 displays the difference in the modal age at death estimates for the female

population of Canada. Remarkably, the differences between estimates have narrowed over the

years; however, they are still divergent over time and with periods of widening and narrowing in

the gaps. In this case, the Kannisto method was similar to the Gompertz at the beginning of the

estimation period, while the Gompertz and p-splines method are closer by the period's end.

Figure 2. Life table death distributions and modal age at death estimates for Canadian females
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5 Next steps

The modal age at death is one of the most important indicators for longevity. Still, the current

methods for estimating it relies on sensible assumptions that produce uncertainty around these

estimates. The model proposed in this paper will be a new approach to estimate a mode that fulfills

the basic properties of the modal age at death and that provides a nonparametric approach to the

problem. The results of this new method are to be computed, and we will also provide confidence

intervals around M.
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